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Abstract. We study continuity and equicontinuity of semigroups on norm- 
ing dual pairs with respect to topologies denned in terms of the duality. In 
particular, we address the question whether continuity of a semigroup al- 
ready implies (local/quasi) equicontinuity. We apply our results to transition 
semigroups and show that, under suitable hypothesis on E, every transition 
semigroup on Cb(E) which is continuous with respect to the strict topol- 
ogy /3o is automatically quasi-equicontinuous with respect to that topology. 
We also give several characterizations of /^-continuous semigroups on Ct,(E) 
and provide a convenient condition for the transition semigroup of a Banach 
space valued Markov process to be /So-continuous. 



Introduction 

An object of central interest in the study of Markov processes is the transi- 
tion semigroup of the process. If the Markov process (X t )t>o takes values in 
the measurable space (E, £), the state space of the process, then the transi- 
tion semigroup T = (T(t))t>o is a positive contraction semigroup on the space 
Bb(E) of all bounded, measurable functions on E. This semigroup contains all 
information about the transition probabilities of Xf. More precisely, for t, s > 
and A £ £ we have P(X t+s G A \ X s = x) = (T(t)t A ){x). 

Whereas the orbits of the semigroup T usually bear no continuity properties, 
often the restriction of T to certain invariant subspaces is continuous in one 
way or other. The best known example for this is that of a Feller semigroup. 
Here, E is a locally compact Hausdorff space endowed with the Borel cr-algebra. 
If Co (E) , the space of all continuous functions on E which vanish at infinity, is 
invariant under E, then often T\c (e) is strongly continuous. This can be used 
to great effect in the study of Markov processes, see [151 [9]. If E is n °t locally 
compact or if Cq(E) is not invariant, then one can consider other invariant 
subspaces. Of particular interest is the space Cb(E) of all bounded, continuous 
functions on E. However, even if Cb(E) is invariant under T, the restriction of 
T to Cb(E) is in general not strongly continuous. But in many cases, see e.g. 
[131 HU [7] , the restriction is continuous with respect to the so-called strict (or 
mixed) topology (3q, cf. [3KUI21] and Section 1.3. 



2000 Mathematics Subject Classification. 47D06, 60J35. 

The author was partially supported by the Deutsche Forschungsgesellschaft in the frame- 
work of the DFG research training group 1100 at the University of Ulm. 

1 



2 



MARKUS KUNZE 



For locally compact spaces E, Sentilles [23] has studied /^-continuous semi- 
groups on Cb(E) in the framework of equicontinuous semigroups on locally con- 
vex spaces [25]. Since /?o agrees with the compact-open topology r co on || • Un- 
bounded subsets of Cb(E), it is also possible to treat /?o-continuous semigroups 
as r co -continuous semigroups. This point of view was taken by Cerrai in [5] 
and led to the concept of bi-continuous semigroups introduced by Kuhnemund 
in [19] . Farkas JTO] has used the theory of bi-continuous semigroups to study 
transition semigroups on Cb(E), where E is a Polish space, i.e. the topology of 
E is induced by a complete, separable metric. It should be noted that transition 
semigroups on Cf,(E) in general do not satisfy the equicontinuity assumption 
of [25] with respect to r co , see [191 Example 6]. However, in the examples in 
[T3l [H] local equicontinuity with respect to /?o holds. 

In this paper, we study continuity and equicontinuity of semigroups in the 
framework of semigroups on norming dual pairs introduced in |20j . Thus, in 
addition to a Banach space X, we are given a closed subspace Y of X* , the norm 
dual of X, which is norming for X. We then study semigroups T on X such 
that the adjoint semigroup T* leaves the space Y invariant. In applications 
to transition semigroups we will choose X = Cb(E), here the state space E 
is assumed to be a completely regular Hausdorff space, and Y = M.q{E), the 
space of all bounded Radon measures on E. In this context the assumption 
that T* A4q(E) C A4q(E) is quite natural and has a stochastic interpretation. 
Namely, if T is the transition semigroup of the Markov process (Xt)t>o and we 
put T' = T*|_ A/1o ( £ ;), then T' gives the distribution of the random elements X t , 
i.e. if X s ~ fj, € M (E) then X t+S ~ T(t)> 

In Sections 2 and 3 we will work on general norming dual pairs and study 
continuity and equicontinuity with respect to general locally convex topologies 
defined in terms of the duality, see Section 1.1. This generality allows us to 
consider continuity with respect to various topologies. In particular, if we choose 
r = || • ||, then we obtain strongly continuous semigroups. On the norming dual 
pair (Cb(E), M.q(E)) not only the strict topology (3q but also the weak topology 
cr(Cb(E), M.o(E)) is of interest. This topology is connected with the concept of 
bounded and pointwise convergence, see p2 Section 3.4]. Priola [21] has used 
this continuity concept to study transition semigroups. 

If we additionally impose certain equicontinuity assumptions, then it not 
surprising that we can prove a generation theorem for such semigroups. The 
more interesting question is whether equicontinuity assumptions are restrictive 
or whether, at least for certain topologies, these assumptions are satisfied au- 
tomatically. We will address this question in Section 3 and give some abstract 
examples where this is the case. In Section 4 we apply our results to transition 
semigroups. We will prove that if E is a Polish space, then every /^-continuous 
semigroup on (Cb(E), Mo(E)) is locally /?o-equicontinuous. A variant of this 
result has been obtained independently by Farkas |10j . However, we will also 
prove that this result remains valid for positive semigroups, whenever E is a 
so-called T-space (see the definition in Section 4). In the main result of Sec- 
tion 4, Theorem 14.41 we give various equivalent conditions for a semigroup on 
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(Cb(E), M.q{E)) to be /^-continuous. In the concluding Section 5 we discuss 
several examples and give a convenient condition for the transition semigroup 
of a Banach space valued Markov process to be /^-continuous. 

1. Preliminaries and Notation 

1.1. Dual pairs. Throughout this paper we will be working on dual pairs and 
use locally convex topologies defined in terms of the duality. We briefly recall 
some results from the theory and fix some notation. Our main reference are 
Chapters 20 and 21 of [17] . A dual pair is a triple (A, Y, ( • , • )) where A and Y 
are vector spaces over the same field IK = R or C and ( • , • ) is a bilinear form 
from X x Y to K which separates points, i.e. (x , y) = for all x G X implies 
y = and (x , y) = for all y G Y implies x = 0. We may define locally convex 
topologies on X as follows. If M C Y is bounded, i.e. sup ygM \ (x , y)\ < oo for 
all x G X, then pm(x) ■= sup^gj^ \ (x , y)\ defines a seminorm on X. If 971 is a 
collection of bounded subsets of Y, then the collection of seminorms (pm)m£OT 
defines a locally convex topology on X if and only if for every x G X there 
exists some M G 971 such that pm(x) ^ (we say that 971 is separating). If 97T 
is a separating collection of bounded subsets of Y, then T<xn denotes the locally 
convex topology induced by the seminorms (pm)mgOT- 

A locally convex topology r on X is called consistent if (X, r)' = Y, i.e. every 
r-continuous linear functional (p on X is of the form = (x , y) for some 
y G y. By the Mackey-Arens theorem, [171 21.4 (2)], every consistent topology 
is of the form Tgjt for a suitable collection 971. Furthermore, there exists a 
coarsest consistent topology, namely the weak topology a(X, Y) = r$, where ^ 
denotes the collection of all finite subsets of Y, and a finest consistent topology, 
namely the Mackey topology f/,(X, Y) = t$, where .ft denotes the collection of all 
absolutely convex, a(Y, A)-compact subsets of Y. We note that every topology 
tot is finer than the weak topology a(X,Y). To simplify notation, we will 
write a (resp. fi) for a{X,Y) (resp. fJ,(X, Y)) and denote cr-convergence on 
X by — S We will write a' (resp. //) for a(Y,X) (resp. fi(Y,X)) and denote 
(/-convergence on Y by — 

1.2. Norming dual pairs. 

Definition 1.1. A norming dual pair is a dual pair (A, Y, ( • , • )) where A and 
y are Banach spaces and we have ||x|| = sup{ \ (x , y)\ : y G Y , ||y|| < 1 } and 
\\y\\ = sup{ [(x, y)| : x G A , < 1 }. 

In what follows, we will often write (X,Y) instead of (A, Y, (•, •)) if the 
duality pairing is understood. It is easy to see that if (A, Y) is a norming dual 
pair, then Y is isometrically isomorphic to a closed subspace of A*, the norm 
dual of A. We will often identify Y with this closed subspace of A*. 

It is an easy but crucial consequence of the definition that if (A, Y) is a 
norming dual pair, then on X and Y the notions of weak (i.e. a- or a'-) 
boundedness and of norm boundedness coincide, cf. [20J. It follows that the 
norm topology on A is equal to t<b, where 93 denotes the collection of all 
bounded subsets of Y. The norm topology is in general not consistent, but 
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it is finer than any topology t^s\. In particular, if T is a rgj}-continuous linear 
operator, then it is || • || -continuous. It is proved in [20] that a || ■ ||-continuous 
linear operator T is u-continuous if and only if its norm-adjoint T* leaves the 
space Y invariant. By |17} 21.4 (6)], a linear operator is er-continuous if and 
only if it is /^-continuous. If r is a consistent locally convex topology, then 
every r-continuous linear operator is cr-continuous. The converse is not true in 
general. If r is any (not necessarily consistent) locally convex topology on X, 
we write L(X, r) for the algebra of r-continuous linear operators on X. For 
r = || • || we merely write L(X) instead of L(X, |j • ||). If T € L(X,o~), we write 
T* for its norm adjoint and T' for its cr-adjoint. Note that T' = T*\y- 

1.3. The dual pair (Cb(E), Mo(E)). Our main example for applications is 
the norming dual pair {C\ ) {E),M.q{E)). Here, E is a completely regular Haus- 
dorff space and Cb(E) denotes the Banach space of all bounded, continuous 
functions form E to C endowed with the supremum norm. A positive mea- 
sure //, defined on the Borel cr-algebra B(E), is called a Radon measure if 
for all A G B(E), we have [i{A) = sup{/i(-fT) : K C A, incompact}. If 
/x is a complex measure on B(E), then its total variation |/x| is defined by 
|^|(A) = sup 2 YIb&z Im(-^)I> where the supremum is taken over all finite parti- 
tions Z of A into pairwise disjoint measureable sets. A complex measure /i is 
called a Radon measure, if |//| is a Radon measure. Note that if E is a Polish 
space, then every measure on B{E) is a Radon measure. M.q(E) denotes the 
Banach space of all bounded Radon measures on E, endowed with the total vari- 
ation norm ||/i|| := \fj,\(E). It is proved in [20] that (Cb(E), M.q{E)) is a norming 
dual pair with respect to the duality (/,//) = j E f d\i. If T € L(Cb(E),a), then 
T has the representation T f(x) = f E f(y) k(x, dy). Here, k(x, •) = T'5 X , where 
5 X denotes the Dirac measure in x. We will call k the kernel associated with T. 
The question whether k(-, A) is measurable for all A £ B(E) is discussed in [20] . 

The strict topology /3o on Cb(E) is defined as follows: 
Denote by J~q{E) the space of all bounded functions on E which vanish at 
infinity, i.e. given e > 0, we find a compact set K C E such that |/(a;)| < £ 
for all x K. The strict topology /?o on Cb(E) is the locally convex topology 
generated by the set of seminorms {p ip ) ip ^ {E)i where p^(f) := H^/lloo- 

This definition is taken from [16]. It generalizes the definition given by Buck 
[Hill] for locally compact spaces E. By pH Theorem 7.6.3], (C b (E), /9 )' = 
M.o(E), i.e. /?o is a consistent topology. Furthermore, (Cb(E), (3q) is complete 
if and only if C(E), the space of all continuous functions on E, is complete 
with respect to t co , see Theorems 4 and 9 in Section 3.6 of [E]. In particular, 
if E is a metric space or a locally compact space, then (Co(E), /3o) is complete. 
Sentilles [24] has considered several strict topologies yielding different spaces 
of measures as dual spaces. We will recall some results from [24J in Section 4. 

2. Semigroups and their Generators 

We now study semigroups on norming dual pairs. As a matter of fact, sev- 
eral interesting properties of such semigroups can be proved without continuity 
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assumptions, merely imposing integrability assumptions. This leads to the con- 
cept of integrable semigroups on norming dual pairs. Such semigroups are stud- 
ied in [20] and we content ourselves with recalling the definition and collecting 
some of the results from [20] in Propositions 12.21 and 12.31 below. 

Definition 2.1. Let (X,Y) be a norming dual pair. A semigroup on (X, Y) is a 
family T = (T(i)) t > C L(X,a) such that 

(1) T is a semigroup, i.e. T(0) = and T(t + s) = T(t)T(s) for all t, s > 0. 

(2) T is exponentially bounded, i.e. there exist M > 1 and 10 € M. such that 
||T(i)|| < Me ui for all t > 0. We then say that T is of type (M,uj). 

A semigroup T of type (M, u>) is called integrable if 

(3) for all A with Re A > u>, there exists an operator R(X) £ L{X,a) such 



In particular, we assume that all the integrals on the right hand side 
exist. R = (-R(A))r c \>lo is called the Laplace transform of'T. 

Proposition 2.2. Let T be an integrable semigroup of type (M,uj) with Laplace 
transform R. 

(1) R is a pseudoresolvent and every R(X) commutes with every T(t). 

(2) We have ||(Re A - tn) k R(X) k \\ < M for all Re A > u and k £ N. 

(3) 7/rgR is a -dense in X, then R determines T uniquely. More precisely, 
ifT is an integrable semigroup on (X, Y) having the same Laplace trans- 
form R, then T = T. 

Recall that a pseudoresolvent is a map R from some nonempty set SI C C 
to L(X, || • ||), such that R{\) - R(fj.) = (/i - X)R(X)R(n) for all A,/j g fi. It 
is well known that for a given pseudoresolvent (R(X))\ € q there exists a unique 
multivalued operator A such that R(X) = (A — A)^ 1 for all A € 0. In particular, 
the range rgi?(A) and the kernel keri?(A) are independent of A € Q. 

The following proposition gives a characterization of the operator A. The 
integrals appearing are to be understood as Y-integrals, see [20]. More precisely, 
if / : I — > X is a function defined on some interval I such that (/(•), y) 
is integrable for every y £ Y, then the Y-integral Jj f(t)dt denotes the unique 
element ip £Y* such that y?(y) = Jj (f(t) , y) dt for all y £ Y. In the proposition 
below, Jj f(t) dt will actually be an element of X which is considered as a closed 
subspace of Y*. Hence, J* * f(t) dt = x € X if and only if (x , y) = fj (f(t) , y) dt 
for all y € Y. However, even if Jj f(t) dt € X, the integral in general does not 
exist Bochner or as a Pettis integral. 

Proposition 2.3. Let T be an integrable semigroup on the norming dual pair 
(X, Y) with Laplace transform R(X) = (A — A) . 



that 



(2.1) 




(1) The following are equivalent. 
(a) x E D(A) and z G Ax; 
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(b) for every t > and y £Y we have 

(2.2) f T(s)zds = T(t)x - x . 

Jo 

(2) For x G X and t > we have f T(s)x ds G D(A) and 

T(t)x — x G A / T(s)xds . 
Jo 

Remark 2.4. It follows from (|2.2p that t i— > T(t)x is || • ||-continuous for every 
x G D(A). Indeed, if x G D(A) and z G Ax, then for every to > we have 
C := sup t<t() ||T(t)|| < oo. Hence, (|2.2p implies that 

\(T(t)x-T(s)x,y}\ < f \{T{r)z,y)\dr<\t-s\2C\\z\\-\\y\\ . 



for t, s < to an d U ^ Y. Taking the supremum over y G Y with ||y|| < 1, 
|| • ||-continuity of 1 1 — > T{t)x follows. 

Definition 2.5. Let T be an integrable semigroup on the norming dual pair 
(X, Y) such that the Laplace transform R of T is injective. Then the unique 
(single valued) operator A such that R(X) = (A — A) -1 is called the generator 
of T. In this case we say that T has a generator or that T is a semigroup with 
generator (A). 

If r is a locally convex topology on X, then, as usual, an operator A on X 
is called r-closed if the graph of A is closed in X x X with respect to t x t. 
If r is a consistent topology, then, by the Hahn-Banach theorem, an operator 
A is T-closed if and only if it is <r-closed. Furthermore, a <r-closed operator is 
automatically norm closed. For an operator A, we denote its resolvent set by 
p(A) and for A G p(A) we write R(\, A) for the resolvent of A in A. We define 

p a (A) := {A G p{A) : R(X, A) G L(X, a) } . 

It is an open question whether p a {A) = p(A) for a <r-closed operator A. For a 
(7-densely defined, a-closed operator, the <r-adjoint of A is denoted by A'. 

Proposition 2.6. Let T be an integrable semigroup of type (M,uj) with gener- 
ator A. Then A is a a-closed operator with {Re A > u} C p u {A). Furthermore, 
for Re A > uj and k G No we have 

(2-3) l|fl(A,A)*||< M ■ 

(Re A — uj) k 

The operator A is a-densely defined if and only if T' is a semigroup with 
generator. 

Proof. Since the resolvent of A is the Laplace transform of T and since the 
Laplace transform consists of cr-continuous operators, {Re A : A > lo} C p<r{A). 
In particular, A is cr-closed. Estimate (I2.3P follows from Proposition 12.21 Now 
assume that A is cr-densely defined. In this case, the cr-adjoint A 1 of A is well de- 
fined and i?(A,j4)' = R(X,A'), as is easy to see. Since clearly (x , R(X,A)'y) = 
Jq 00 e~ xt (x , T(t)'y) dt for all x G X and y G Y, it follows that A' is the gener- 
ator of T'. Conversely assume that T' has a generator B. As the Laplace 
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transform of T' is R(X,A)', we find R(X,A)' = R(X,B). If y G Y vanishes on 
D(A), then = (R(X, A)x , y) = (x , R(X, B)y) for all x G X. It follows that 
R(X, B)y = 0. As R(X, B) is injective by hypothesis, y = follows. By the 
Hahn-Banach theorem, D{A) is <7-dense in X. □ 



We now turn to continuous semigroups. 

Definition 2.7. Let T be a semigroup on (X, Y) and r be a locally convex 
topology on X. Then T is called r- continuous (at 0) if for all x G X the map 
t i — > T(t)x is r-continuous (at 0). 

Remark 2.8. (1) Using the uniform boundedness principle, it can be shown 
that if T is a semigroup on (X, Y) which is cr-continuous at 0, then T 
is automatically exponentially bounded, i.e. condition (2) in Definition 
12.11 is automatically satisfied, see [20j . 
(2) In the remainder of this section, we will assume integrability of semi- 
groups, i.e. condition (3) in Definition 12.11 also under continuity as- 
sumptions. This is due to the fact that a-continuity at in general 
does not imply integrability of a semigroup, see the example in Section 
5.2. However, it is proved in [20J that if E is a complete metric space, 
then every semigroup on (Cb(E), M.${E)) which is cr-continuous at is 
integrable. 

Our definition of the generator via the Laplace transform is in the spirit 
of [1]. The following Theorem shows that, under continuity assumptions, this 
"integral definition" coincides with the "differential definition" of the generator, 
see e.g. [8]. 

Theorem 2.9. Let T be an integrable semigroup on (X, Y) of type (M, to) and 
9Jt be a separating collection of bounded subsets ofY. IfT is t^- continuous at 
0, then TYjjt- linr^oo XR{X)x = x. In particular, the Laplace transform o/T is 
injective and T has a generator A such that D(A) is sequentially T^-dense in 
X. Furthermore, the generator is given by 



D(A) = ^ x G X : Tfjjj- limA/jX exists > , Ax = t^i - limA^x 



where A^x := h (T(h)x — x). 

Proof. Let x G X, S G 9Jt and e > be given. Since S is bounded, there 
exists C > such that ||y|| < C for all y G S. By rrrjt-continuity at 0, there 
exists to > such that \(T(t)x — x , y)\ < e for all t < to and y G S. Now for 
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A > max{w, 0} and y G S we have 



sup | (\R(X)x — x , y)\ 
yes 



sup 

yeS 



(\e~ xt T{t)x - Xe~ xt x , y) dy 



< 



sup 

yeS Jo 



to 



\e~ M \(T(t)x -x, y)\dt 



+ / Xe- Xt (l + Me wt )C ■ \\x\\dt 



to 



< 



e 



-xt 



+ C 



e -Xt + 



A • M 

A — u 



,(uJ-\)to 



as A — > oo. Since S G 9JT was arbitrary, the first part is proved. Now denote the 
generator of T (in the sense of Definition I2.5|) by B and let A be the operator 
in the statement. If x G D(B), then, by Proposition 12.31 we have 



\(A h x-Bx,y)\ < ~ £ \(T(s)Bx - B 



x,y)\ds , 

for every y G Y. Now let S G 9Jt and e > be given. Choose to > such that 
p s (T(s)Bx - Bx) < e, for all < s < t . Then, 



1 f h 

p s (A h x - Bx) < T eds 
h Jo 



for all < s < to. This proves that x € D(A) and that Ax = Bx. Conversely 
suppose that x € D(A). Since rgjj is finer than a it follows that AhX — Ax as 
/i | 0. Since every operator T(s) is a-continuous, T(s)AhX — 1 r(s)^4x for every 
s > 0. Furthermore, (A/ l x)/ l <i is norm bounded. Indeed, for every y G Y, 
the set {(AhX, y) : /i < 1} is bounded. Hence, by the uniform boundedness 
principle, sup fe<1 HA^xHy* < oo. However, since X embeds isometrically into 
Y*, we have ||Ahx||y, = ||A/ja;|| x for every h > 0. 
Now fix t > and y G Y. Put I t := f*T(s)xds. Then 



(T(s)^4x , y) ds 



lim / (T(s)A h x ,y)ds = lim (A^ij , y) 

hlO Jq h[0 



by the dominated convergence theorem. Note that It G D(B) and (Bit 
(T(t)x — x , y) by Proposition 12.31 Since B C A, it follows that 

/ (T(a)AB , y) = lim (A/ t , y) = (BI t , y) = (T(t)x - x , y) . 
Jo h i° 

Thus Proposition 12.31 implies that x G D(B) and -Bx = Ax. 



y) 



□ 

Remark 2.10. Assume in addition to the hypothesis of Theorem 12.91 that the 
semigroup T is Trrjt-continuous. Then, arguing similar as in the proof of Theorem 
12.91 it is easy to see that x G D(A) if and only if i i — > T(t)x is rgjt-differentiable. 
In this case we have 4fT{t)x = T(t)Ax. Note however that rjgj-continuity at 
does not imply r<jj|-continuity. 

We now give a characterization of continuous semigroups. 
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Proposition 2.11. Let (X, Y) be a norming dual pair and 9JI be a separat- 
ing collection of bounded subsets of Y . Furthermore, let T be an integrable 
semigroup on (X, Y) with generator. Then the following are equivalent: 

(1) T is Tgji- continuous; 

(2) For all to > and every x G X the set {T(t)x : t G [0,to]} * s T M- 
compact. 

(3) For some t$ > and every x G X the set {T(t)x : t G [0, to]} 
relatively countably t^- compact. 

Proof. (1) => (2) and (2) (3) are trivial. For (3) => (1) suppose that t i-> 
T(t)x is not T$0t-continuous at t G [0, to]- Then there exists a r^-continuous 
seminorm p, an e > and a sequence (i n ) C [0, to] converging to t such that 
p(T(t n )x — T(t)x) > e for all n G N. By hypothesis, the sequence T(t n )x 
has an accumulation point z £ X. Thus there exists a subnet t a of t n such 
that T(t a )x 3 z. Since t«h is finer than a we have T{t a )x z As -R(A) is 
u-continuous and commutes with the semigroup, we have 

R(X) Z = a - UmR(\)T(t a )x = a- \imT(t a )R(X)x = T(t)R(X)x = R(X)T(t)x , 

as s h T(s)R(X)x is || • ||-continuous. Since R(X) is injective, it follows that 
z = T(t)x. But then p(T(t a )x — T{t)x) — > 0, a contradiction. This proves 
that t I— > T(t)x is rgjt-continuous on [0, to]- Using the semigroup law and that 
{T(t)T(to)x : t G [0, to]} is relatively countably compact, it follows that t *— > 
T(t)x is Tgrj{-continuous on [0, 2to]. Inductively we obtain continuity for all 
times. □ 

3. EQUICONTINUITY 

In the context of semigroups, several types of equicontinuity assumptions 
have been discussed in the literature. We briefly recall the definition. 

Definition 3.1. Let (X, r) be a locally convex space. A set S C L(X,t) is 
called equicontinuous, if for every r-continuous seminorm p, there exists a r- 
continuous seminorm q such that p(Tx) < q(x) for all x G X and T G 5. 
A semigroup T of r-continuous operators is called locally r -equicontinuous, if 
{T(t) : t G [0,to]} is r-equicontinuous for all to > 0. It is called (globally) 
t- equicontinuous, if {T(t) : t > 0} is r-equicontinuous. If for some a G R the 
rescaled semigroup T a := (e~ at T(t))t>o is r-equicontinuous, then T is called 
a quasi-T -equicontinuous. We will say that T is quasi-T -equicontinuous, if it is 
a quasi-r-equicontinuous for some a G R. 

Obviously, every quasi-r-equicontinuous semigroup (in particular, every r- 
equicontinuous semigroup) is locally equicontinuous. The converse is not true 
in general. 

Example 3.2. Consider the norming dual pair (Cft(R), Mo(K)). The compact 
open topology r co is of the form r^. More precisely, Wl is the separating 
collection of sets of the form {S x : x G K}, where 5 X denotes the Dirac 
measure in x and K is a compact subset of R. The shift semigroup T, de- 
fined by T(t)f(x) = f(x + t) is locally r co -equicontinuous but not quasi- r co - 
equicontinuous. 
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Proposition 3.3. Let T be an integrable semigroup on (X, Y) with generator 
A and 9JI be a separating collection of bounded subsets of Y . If T is locally 
Tgji-equicontinuous and D{A) is T^-dense in X , then T is rgji- continuous. 

Proof. We first prove that Xq := {x G X : f i-> T(t)x is r - continuous } is 
Tgji-closed in X. Let x be an accumulation point of Xq, to > and p be a rg^- 
continuous seminorm. Pick a TYut-continuous seminorm q such that p(T(t)z) < 
q(z) for all £ G [0, to + 1] and z £ X. Given e > 0, we find xo G Xo such that 
q(x — xo) < e. Since xo G Xo, there exists < 5 < 1 such that p(T(to)xo — 
T(t)x ) < e for all \t-t \<6. Now 

p(T(t )x - T(t)x) < p{T{to)x - T(to)x ) + p{T(t )x - T{t)x ) 

+p{T{t)xo - T{t)x) 

< 2q(x - x ) + p{T(t )x - T{t)x ) < 3e , 

for all \t — to\ < 5. This proves that x G Xo, whence Xo is rg^-closed. For x G 
D(A), t i — > T(t)x is || • ||-continuous and hence TOT-continuous. Thus D(A) C 
Xo. As D(A) is rsrrt-dense, Xo = X follows. □ 

For t<xh = || • ||, we note that local norm-equicontinuity of a semigroup is 
equivalent with exponential boundedness. Hence from Theorem 12.91 and Propo- 
sition 13.31 we immediately obtain the following characterization. 

Corollary 3.4. Let T be an integrable semigroup on (X, Y). The following are 
equivalent: 

(1) T is strongly continuous; 

(2) T has a \\ ■ \\ -densely defined generator. 

For quasi-equicontinuous semigroups, we obtain the following generation re- 
sult. 

Theorem 3.5. Let (X, Y) be a norming dual pair, r be a consistent topology 
on X which is sequentially complete, and A be a a-closed operator on X. The 
following are equivalent. 

(1) A is the generator of a r- continuous, a quasi-r-equicontinuous, inte- 
grable semigroup T on (X,Y) of type (M,uj); 

(2) A is a sequentially r-densely defined operator such that 

(a) {A G R : A > uj} C p a {A) and 

|| (A — uj) k R(\, A) k \\ < M VA>w,iGN 

(b) The set 

{(\-a) k R(\,A) k : A > a , k G N } 
is T-equicontinuous. 

Proof. (1) => (2): A is sequentially r-densely defined by Theorem [2~Ul Condition 
(2) (a) follows directly from Proposition 12.61 As a resolvent, R(\,A) satisfies 
^ri?(A, A) = (— l) k k\R(X, A) k+1 . Interchanging differentiation and integration 
in the formula for the Laplace transform yields 

1 f'°° 

(3.1) (R(X, A) k x , y) = — — - t k - l (T{t)x , y) dt , 
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for all x G X and y G Y. Now let p be a r-continuous seminorm. Since 
{e~ at T(t) : t > 0} is r-equicontinuous, we find a r-continuous seminorm q 
such that p(e~ at T(t)x) < q(x) for all t > and x G X. Since r is consistent, 
it follows that r = rgr^ for a suitable separating collection of bounded subsets 
of Y. We may thus assume that p = ps and q = Pr for certain 5, R G 97T. For 
y £ S, k £ N and A > a we obtain from (|3,1|) 

|<(A-a)*i2(A,A)*a;,y)| < 

< 



Taking the supremum over y G (2)(b) follows. 

(2) => (1) Let B = A — a. Since r is sequentially complete, if follows from (2)(b) 
and the theorem in Section IX. 7 of [25] that B generates a r-equicontinuous, 
r-continuous semigroup T on X. Since r is a consistent topology, L(X, r) C 
L(X, a) and hence S is a semigroup on (X, Y) (note that S is exponentially 
bounded by Remark |2.8f 1)). Furthermore, 

R(\,B) = R- e- xt S(t)xdt , 
Jo 

where R- denotes the improper Riemannian integral with respect to r. 
However, since the map x \— ► (x , y) is r-continuous for every y G Y, it follows 
that (i?(A, B)sc , y) = J °° e- xt (S(t)x , y) dt for all x G X and y G F. Thus, S is 
an integrable semigroup on (X,Y) with generator B. Now put T(t) = e at S(t). 
It is routine to check that T is an integrable semigroup with generator A. It 
remains to prove that T is of type (M,u). To that end, consider the rescaled 
semigroup T w . Note that the generator of T w is A — u> =: C. Now fix x G X 
and y G Y . The function : t i— > (e~ wt T(t)x , y) has Laplace transform 
(R(X,C)x , y). Since is continuous, every point f > is a Lebesgue point 
of </?a;,2/ and we infer from the Post-Widder inversion formula [H Theorem 1.7.7] 

and the equation -^R(X,C) = {-l) k k\R{\ C) k+1 that 

<p XtV (t)= lim <[fi?(f,C)]"x,y> Vt>0. 

However, since ||A n i?(A, C) n \\ < M, it follows that \(e- u T(t)x , y)| < M||ac|| ■ 
||y||. Since 1" is norming for X, it follows that T has type (M, u). □ 

Remark 3.6. (1) The assumption that r is sequentially complete and con- 
sistent is not needed in the implication (1) => (2) in Theorem l3.51 In the 
implication (2) => (1), the sequential completeness is needed to apply 
the Theorem from [25] , whereas the consistency was used to ensure that 
L(X,t) C L(X,a). 
(2) The proof of Theorem 3.4 shows that if r is sequentially complete and 
consistent, then a r-continuous, quasi- r-equicontinuous semigroup is 
integrable. 



( A ~ g) f°° f k-l p (a-X)ti/ p at 

)! Jo 

(X-a) k ro ° 



(k-iy. Jo 



\(e at T(t)x,y)\dt 



(k-iy. Jo 

q(x) . 



t 



k-lja-\)t 



q[x) dt 
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The question remains whether quasi-equicontinuity is a mere technical as- 
sumption in order to prove a Hille-Yosida type theorem or whether there are 
interesting cases in which continuity in a certain topology already implies quasi- 
equicontinuity. In [18] it is proved that on a barreled locally convex space (X, r) 
(recall that (X, r) is called barreled if every absorbing, absolutely convex and 
closed subset of X is a r-neighborhood of zero) every r-continuous semigroup 
is locally r-equicontinuous. The following proposition shows that consistent 
topologies are never barreled, except when the norm topology is consistent. 
The special case (X,Y) = (Cb(E),Mo(E)), was considered in [24, Theorem 
4.8]. 

Proposition 3.7. Let (X, Y) be a norming dual pair and r be a consistent 
topology on X . The following are equivalent. 

(1) (X, t) is barreled; 

(2) t = || • || and thus Y = X* . 

Proof. (1) =4* (2) If (X, t) is barreled, then every weakly bounded subset of 
Y = (X,t)' is relatively u'-compact and r = /i, see |17t 21.4 (4)]. However, 
if every weakly bounded subset of Y is relatively c'-compact, then | • || = 
su P{j/:||j/||<i} l(" ) y)\ i s a /^-continuous seminorm and hence fi = \\ ■ ||. (2) => 
(1) Is clear, since every normed space is barreled. □ 

However also in our general setting there are interesting examples in which 
continuity with respect to rgjt of a semigroup on (X, Y) implies quasi- Tgjt- 
equicontinuity. We begin with the following 

Lemma 3.8. Let (X, Y) be a norming dual pair and 9Jt be a separating collec- 
tion of a' -compact subsets ofY. Further, let Si be a compact Hausdorff space 
and F : St — > L(X, a) be strongly t^r- continuous. Then for every K, G 971 the set 

C K :={F{t)'y : t G SI , y G K} 

is a' -compact. If for every such C>c there exists a set /Co G 971 such that £/c C 
/Co, then {F(t) : t G SI} is T^-equicontinuous. 

Proof. We fix /C G 971 and write for simplicity £ instead of Let a net 
z a = F(t a )'y a G £ be given. Since SI is compact, there exists a subnet tp and 
some to such that tp — > to i n SI. Since /C is compact, there is a subnet y 7 of yp 
and an element yo G /C such that y 7 — yo- We claim that z 7 = F(t 7 )y 7 — s - / 
yo := F(to)ya. To see this, let x G X be given. Then 

|(x,z 7 -z )| < |(i ? (t 7 )x - F(t )x, y 7 )| + |(F(t )x, y 7 - y )| 
< pz(F(tJx-F(to)x) + \(F(to)x, yj-yo)\ ^0 

as 7 — > oo, by the r«ut-continuity of F(-)x and the weak convergence of ?/ 7 . This 
shows that £ is cr'-compact. We now prove the addendum. If £ C /Co G 971, 
then 

Pfc(F(t)x) = sup | (a?, F(t)'y}| < sup|(x, y)| < p/c {x) 
yeK. yec 

for all x G X and t G 0. Hence, if for every /C G 971 we find a set /Co G 971 such 
that the above holds, it follows that F(Sl) is rgj^-equicontinuous. □ 
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We immediately obtain: 

Theorem 3.9. Let (X, Y) be a norming dual pair and let t c := T£, where <£ is 
the collection of all a' -compact subsets ofY. If T is a semigroup of type (M,uj) 
which is t c - continuous, then T is a quasi-T c -equicontinuous for every a > uj. 

Proof. For a > uj we have e~ at T(t)x — > in norm and hence with respect to 
the coarser topology r c . It follows that the map 

e- at T{t) , t € [0, oo) 
, t = oo 

is T c -continuous. Now the statement follows from Lemma 13.81 □ 

We note that the topology r c is in general not consistent. However, it can 
happen that the Mackey topology fx coincides with this topology ([Ml E] then 
say n is the strong Mackey topology of the pair (X, Y)). This is the case if and 
only if for every cr'-compact subset /C of Y also its cr'-closed, absolutely convex 
hull aco/C is cr'-compact. By Krein's theorem |1T|. 24.5 (4)], if K, is cr'-compact 
then aeo/C is cr'-compact if and only if aco/C is //-complete. In particular, if // 
is quasicomplete, i.e. // is complete on every bounded, //-closed subset of X, 
then every /^-continuous semigroup on X is quasi- /x-equi continuous. 

Corollary 3.10. If(X,Y) is a norming dual pair such that // is quasicomplete, 
then every /t- continuous semigroup T on (X, Y) is quasi-fi-equicontinuous. In 
particular 

(1) If T is a norm continuous semigroup on a Banach space X, then its 
adjoint semigroup T* on X* is (jl(X* , X) -continuous if and only if it is 
quasi- n(X* ,X)-equicontinuous. 

(2) If E is a completely regular Hausdorff space such that (Cb(E), (3q) is 
complete, then every n(A4o(E) , C[,{E))- continuous integrable semigroup 
on (M.o(E),Cb(E)) is quasi-fi(A4o(E),Cb(E))-equicontinuous. 

Proof. The proof of the general statement was explained above. For (1) we 
note that // = fi(X, X*) = || • || is complete whence every fi(X* , X)-continuous 
adjoint semigroup is quasi-/i(X*, X)-equicontinuous. The converse follows from 
Proposition 13.31 since adjoint semigroups have a a (X* , X)-densely defined gen- 
erator and hence, by the Hahn-Banach theorem, a fi(X* , X)-densely defined 
generator. For (2) observe that, as a consequence of Grothendieck's complete- 
ness theorem [T71 21.9 (4)], the Mackey topology fj,(Cb(E),Mo(E)) is complete, 
since there exists a complete, consistent topology, namely (3q, on Cb{E). □ 

We will now apply Lemma 13.81 in the context of positive semigroups. We 
introduce the following notation. An ordered norming dual pair is a norming 
dual pair (X, Y) where X is an ordered Banach space with cr-closed positive cone 
X + . Note that in this case the dual cone Y + := {y E Y : (x , y) > VxG X + } 
is cr'-closed. As usual, we call T € L(X,a) positive if TX + C X + . Note that 
in this case also T'Y + C Y + . 

Theorem 3.11. Let (X,Y) be an ordered norming dual pair and t + be the 
topology of uniform convergence on the a' -compact subsets of Y + . If T is a 



F : [0,oo] -> L(X,a) 



F(t) 
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positive, T + -continuous semigroup of type (M,u) on (X,Y), then T is a quasi- 
r + -equicontinuous for every a > u>. 

Proof. This follows from Lemma [3. 8 1 as in the proof of Theorem l3.9l noting that 
for a > uj and /C C Y + the set {e~ at T(t)'y : t > , y € /C} is not only compact 
but also a subset of Y + by the positivity of the operators T(t). □ 

4. Applications to Transition semigroups 

In this section, we apply the results of the previous sections to semigroups 
on the norming dual pair (Cb(E), A4o(E)). Here, and throughout this section, 
E will be a completely regular Hausdorff space. The consistent topology we are 
interested in is the strict topology @q. In order to apply our results, we need 
additional information about (3q and the dual pair (Cb{E),Mo(E)). It is well 
known, see [171 21.3 (2)], that if (X, r) is a locally convex space then r is the 
topology of uniform convergence on the r-equicontinuous subsets of (X, r)'. For 
the strict topology, we have the following description of the /3o-equicontinuous 
subsets of Mq{E). 

Theorem 4.1. (Sentilles pU Theorem 5.1]) 

A set H C Mo(E) is Po-equicontinuous if and only if (1) sup^ g ^ \^\{E) < oo 
and (2) for every e > there exists a compact set K C E such that \fj,\(E\K) < 
e for all [A E H. 

Condition (2) means that TL is a tight set of measures. From Theorem 14.11 
we infer the following description of /?o-equicontinuous sets of linear operators. 

Proposition 4.2. Let S = {T a : a G /} C L(Cb(E),a) be a bounded family of 
operators on Cb(E) with associated kernels p a . The following are equivalent. 

(1) S is (3o-equicontinuous; 

(2) given a compact subset K C E and e > 0, there exists a compact subset 
L of E such that 

\p Q \(x,E\L) < e Vx£K,a£l. 

Proof. (1) => (2): Let K C E be compact. Then K := {5 X : x E K] is O - 
equicontinuous by Theorem 14.11 In particular, pic(-) is a /^-continuous semi- 
norm. Since S is /3o-equicontinuous, we find a /?o-continuous seminorm q such 
that pic(T a f) < q(f) for all / G Cb{E) and a € /. Note that q = Pc f° r 
some /3o-equicontinuous set C. We may assume that C is u'-closed and ab- 
solutely convex. But then it follows that T' a 5 x G C for all x S K. Indeed, 
if T' aQ 5 XQ C for some Qo € / and xq £ K then, as a consequence of the 
Hahn-Banach theorem, we can strictly separate T ao 6 xo from £, i.e. we find 
/ € C b (E) = (Mo(E),a')' and e > such that \{f , M >| +e < |</, 1^)1 
for all /i € £. But then pic(f) > Pc(f) + e, a contradiction to the choice of 
£. Hence, the set {p a (x,-) : a € / , cc E is a subset of £ and thus @o- 
equicontinuous. Theorem 14. II yields (2). 

(2) => (1): Let H be a /3o-equicontinuous subset of Mq(E). Then there exists 
C > such that ||//|| = (^7) < C for all fj, e H. If we choose M > such 
that ||r a || < M for all a€l, then 

|(/ , T»| < M ■ C ■ ll/H V/ G C 6 (E) ,a€l,n€H. 
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Taking the supremum over / with ||^ || < 1, it follows that \T' a [i\(E) < C-M < 
oo for all a E I and fi E TC. Furthermore, given e > 0, we find a compact set 
K such that \(j\{E \ K) < m. By (2), we find L C E compact such that 
|p Q |(a;, E\L) < ^ for all a E / and x E K. It follows that for fi £ IC and a € I 
we have 

|7>|(£\L) < [ \ Pa \(x,E\L)d\ f i\(x)+ [ \p a \{x,E\L)\d\n\(x) 

Hence C := \T' a [i : a e £ W} is /?o-equicontinuous and thus pc is a 

/^-continuous seminorm. However, pn{T a f) < Pc(f) for all / E Cb{E). Since 
7i was arbitrary, it follows that 5 is /?o-equicontinuous. □ 



Let us recall the following definition from [24]. A completely regular space 
E is called a T-space if every u'-compact set of positive Radon measures is 
tight. The celebrated Prokhorov theorem, see |22j . asserts that every Polish 
space is a T-space. More generally, every complete metric space and every 
locally compact space is a T-space, see \2A\ Theorem 5.4]. If E is an infinite 
dimensional separable Hilbert space endowed with the weak topology, then E 
is not a T-space, cf. [12,, Example 1.6.4]. 

Theorem 4.3. Let t + denote the topology of uniform convergence on the a' - 
compact subsets of Mq(E). 

(1) 0o = t + iff E is a T-space. 

(2) If E is a T-space and and every measure on E is a Radon measure, 
then (3q = fi(Ci ) (E),M.o(E)). In this case, every a' -compact subset of 
Mq(E) is tight, i.e. 0o is the topology of uniform convergence on the 
a' -compact subsets of M.q{E). 

Proof. (1) is [24 s Theorem 5.3], (2) follows from Theorems 5.8 and 4.5 of that 
paper. □ 

We note that Conway [6] has proved that if E = [0,wi), where uj\ is the 
first uncountable ordinal and E is endowed with the order topology, then 0$ 
is not the Mackey topology of the pair (Cb(E), Aio(E)). However, also in this 
case 0o = T + since E, being locally compact, is a T-space. 

We now come to the main result of this section. 

Theorem 4.4. Let E be a T-space and let T be an integrable semigroup on 
(Cb(E),ftAo(E)). If there exists a measure [i on B(E) which is not a Radon 
measure, then additionally assume that T is positive. We denote the kernel 
associated to T{t) by pt- Consider the following statements 

(1) For every f E Cj,, the map (t,x) i— ► T{t)f{x) is continuous. 

(2) For every f E C\, we have T(t)f — > T(s)f for t — > s uniformly on the 
compact subsets of E; 

(3) T is a 0o-continuous semigroup; 

(4) T is a quasi- 0o -equicontinuous, 0o-continuous semigroup. 
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(5) T has a a-densely defined generator and, given a compact subset K C E 
and constants to,e > there exists a compact subset L C E such that 

\p t \{x,E\L) <e Vx G K, t G [0,t ] • 

T/ien (1) =4> (2) o (3) 44> (4) (5). i/i? is either locally compact or a metric 
space, all five statements are equivalent. 

Proof. (1) =^ (2): Fix / G Cf, and s > 0. By assumption, for every e > and 
x (z E we find 5 = <5(s, x) and a neighborhood U = U(s, x) of x such that 

|T( S )/(» - T(t)f(y)\ <e V (i, y) G <5) x [7 . 

Now let K C E compact. Then {s} x K C U x -eK ^( s ' x )) x U(s,x). As 
{s} x if is compact in [0, oo) x E we find finitely many xi, . . . , x n and <5j := 
<5(s, Xi) such that {s} x K C (JILi ^( s ) ^i) x U ( x i)- Put ^ = min{<5i, . . . , 5 n }. 
For x £ K, there exists io such that x G U(xi ). For |t — s| < <5 we have 

\T(t)f(x) - T(s)f(x)\ < \T(t)f(x) - T(s)f( Xi )\ + \T(s)f(x t ) - T(s)f(x)\ < 2e , 

since (t, x),(s,x) G B(s,5i ) x U(xi ). As x G if was arbitrary, we have 
sup xeK \T(t)f(x) - T(s)f(x)\ < e for \t - s\ < 5. This proves (2). 
(2) (1) If E is a metric space, then (t,x) \— > T(t)f(x) is continuous iff it 
is sequentially continuous. So let (t n ,x n ) — > (s,xo). By (2), T(t n )f — > T(s)f 
uniformly on the compact set K = {x n : n G No}. But then T(t n )f(x n ) — > 
T(s)/(xo) follows using the continuity of T(s)f. 

Now assume that E 1 is locally compact. Fix (s,xo) G [0, oo) x E and / G C;,. 
Since T(s)f is continuous, given e > 0, there is a neighborhood U(xq) such 
that |T(s)/(x) — T(s)f(xo)\ < e for all x G t7(xo). It is no restriction to 
assume that U{xq) is relatively compact. By (2) we find 5 > such that 
\T(t)f(x) - T(s)f(x)\ < e for all x G U(xo) and all \t - s\ < 5. Thus 
\T(t)f(x) - T(s)f(x )\ < 2e for all (t,x) G B(s,S) x f/(x ). This proves (1). 

(2) <4> (3): Is clear since T is locally bounded and since the strict topology 
coincides with the compact-open topology on norm-bounded sets. 

(3) (4): If every measure on £ is a Radon measure, then, by Theorem l4.3l (2), 
Po is the topology of uniform convergence on the c'-compact subsets of M.q{E). 
Hence (3) (4) follows from Theorem l3.91 In the other case, (3q is the topology 
of uniform convergence on the u'-compact subsets of M.q{E) + by Theorem 14.31 
(1). Thus T is quasi- /3o-equicontinuity as a consequence of the positivity of T 
and Theorem 13.111 This shows (3) =^> (4), the converse implication is trivial. 

(4) (5): Follows from Theorem 12.91 and Proposition 14.21 

(5) (4): Is a consequence of Propositions 14.21 and 13.31 □ 

Remark 4.5. The assumption in Theorem 14.41 that T is an integrable semigroup 
is only needed for the equivalence (4) 44> (5). 

Theorem 14.41 can be used to establish that a given transition semigroup on 
Cb{E) is /^-continuous. In [2], transition semigroups are constructed from the 
solutions of parabolic partial differential equations. Here E is a subset of R d . 
For such transition semigroups, condition (1) can easily be verified, as the PDE 
techniques yield solutions of the PDE which are continuous in both time and 
space variables. If one follows 0[l9j[II] and prefers to think about semigroups 
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on Cb(E) which have r co -continuous orbits, then of course Condition (2) is sat- 
isfied. In the next section, we will show that if T is the transition semigroup of 
a Markov process obtained from solving a stochastic differential equation, then 
Condition (5) can often be verified. 

We note that the crucial assumption in Theorem 14.41 is that T consists of 
a(Cb(E), 7Wo(-E'))-continuous operators. Under suitable assumption on E, e.g. 
if E is a Polish space, an operator T on Cb(E) is a(Cb(E), A4o(-^))-continuous 
if and only if it is a kernel operator, see |20j. If one follows the approach of 
[2], then it is a consequence of the PDE techniques that the operators of the 
semigroup are represented by a Green function and thus are kernel operators. 
If E is a Polish space and T is a r co -bi-continuous semigroup on Cb(E), then 
it follows from the definition of a bi-continuous semigroup that every operator 
T(t) is sequentially r co -continuous on normbounded sets and hence sequentially 
/^-continuous. By [HJ Corollary 8.4] it follows that T(t) G L(C b (E),(3 ) C 
L(Cb{E),a). Farkas [TQl Example 3.9] has given an example of a r co -bi- 
continuous semigroup which does not consist of /^-continuous operators and is 
thus, in particular, not locally /?o-equicontinuous. In that example, E = [0, uj\) 
with the order topology, where u\ is the first uncountable ordinal. Note that 
since [0, u\) is locally compact and hence a T-space, it follows from Theorem 
14.41 that every positive /^-continuous semigroup of operators in L(Cb{E),a) is 
quasi- /3o-equicontinuous. 

5. Examples 

5.1. The Case E = N. If E = N endowed with the discrete topology, then 
C b (E) = £°° and M (E) = t 1 . Thus in this case, M (E) is the predual of 
Cb(E). The weak topology a = a(Cb{E), M.q{E)) is merely the weak*-topology 
of t°° whereas the weak topology a 1 = cr(A4o(E),Cb(E)) is the weak topology 
(in the Banach space sense) of I . A bounded operator T on £°° is u-continuous 
if and only if it is the adjoint of a bounded operator on I . We now have the 
following result. 

Proposition 5.1. If E = N endowed with the discrete topology, then every 
semigroup T on (Cf,(E) , Aio(E)) which is a-continuous at is ^-continuous 
and quasi- Po-equicontinuous. 

Proof. If T is a semigroup on then T = S* for some semigroup S 

on i 1 . Now T is a(£°°,£ ^-continuous (at 0) if and only if S is a^J 00 )- 
continuous (at 0). It is well known (but also follows from Theorem 12.91 and 
Corollary 13.40 that a semigroup of bounded operators on a Banach space X 
which is weakly continuous at is already || • || -continuous. It follows that T 
is o-(£°°, ^-continuous. In particular, t i— > T(t)f(n) is continuous for every 
n G N and every / G C&(N). However, since every compact subset of N is finite, 
it follows that t i— > T(t)f is r co -continuous and hence /^-continuous for every 
/ G Cb (N) . Since N is locally compact and since every measure on N is a Radon 
measure, the assertion follows from Theorem 14.41 □ 

5.2. The Sorgenfrey line. Let us consider the real line R endowed with the 
Sorgenfrey topology r s , i.e. t s is generated by the intervals of the form [a, b). 
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It follows that the Borel cr-algebra of (R, t s ) is the usual Borel cr-algebra of M. 
(with the metric | ■ |). It is well known that every compact subset of (R, r s ) is 
countable. However, as the example {1 — - : n E N} shows, not every countable 
subset of R is compact in (R, r s ). It follows that every Radon measure on (R, r s ) 
is concentrated on a countable set. Hence .A4o(R, t,) = ^ 1 (R), the space of all 
discrete measures on R. A function / on R is continuous with respect to t s if and 
only if it is right-continuous. Thus in this situation (C;,(R, r s ), M.o(M>, T s)) = 
(C r (R),£ 1 (R)), where C r (R) denotes the space of all bounded, right continuous 
functions on R. 

Consider the shift semigroup T given by T(t)f(x) = f(x + t). Then T is a 
positive contraction semigroup on (C r (R),£ 1 (R)). However, T is not integrable. 
Indeed, it is easy to see that the Laplace transform of T is given by 



But this operator is not cr-continuous since R(X)*5q = e~ xt t^ ^dt £ 1 (R). 
Furthermore, T is u-continuous at but not a-continuous. Since a continuous 
function is uniformly continuous on compact sets, it follows that T(t)f / as 
1 1 for every / G C r (lR). Hence T is /^-continuous at 0. 

5.3. Solutions of stochastic differential equations. If E is a Banach space, 
then some Markov processes are obtained as solutions of stochastic differential 
equations, see e.g. [HUH]. The transition semigroup of such a Markov process 
is defined as follows. If X(t, x) denotes the solution of the stochastic differential 
equation with initial datum x G E, then one defines T(t)f(x) = E(f(X(t,x))). 
It is natural to ask for a condition for T to be /^-continuous in terms of prop- 
erties of the map (t,x) i— > X(t,x). In applications, it frequently happens that 
X(t, x) G 1^(0,, E), where Cl is the underlying probability space and 1 < p < oo, 
and the map (t,x) i— > X(t,x) is continuous. The following theorem shows that 
in this case the semigroup T is indeed /^-continuous. However, this result 
remains true in a even more general setting. 

If J£", P) is a probability space and (E, p) is a complete metric space, then 
L°(n,E) denotes the space of all strongly measurable maps X : Q, — > E (modulo 
equality P-almost everywhere) endowed with the topology of convergence in 
measure. 

Theorem 5.2. Let (£l,^,P) be a probability space, (E,p) be a complete metric 
space and X : [0, oo) xE-> L°(Q,E) be a continuous map. Define T{t)f{x) = 
E(f(X(t,x)) for f G C b {E). Then, for every t > 0, the set {T(t) : < t < t } 
is a f3o-equicontinuous family of operators on (Cb(E),A4o(E)). If (T(t))t>o is 
a semigroup, then it is (3q- continuous and quasi- Po-equicontinuous. 

Proof. Consider the map $ : L°(Cl,E) — > Aio(E) given by <&(X) = px, where 
px denotes the distribution of X. Note that for X G L°(£l,E) the distribution 
px is indeed a Radon measure since X has separable range. The map $ is 
continuous. Indeed, if X n — > X in measure then, passing to a subsequence, we 
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have X n — > X almost everywhere. But then 

(f,»x n )= [ f{X n )dP^ [ f(X)dP = {f tl ix) ■ 
Jn Jn 

Thus, every subsequence of $>(X n ) has a subsequence which converges to &(X) 
with respect to a(Mo(E),Cb(E)). 

Since T(t)f(x) = (f , [J-x(t,x)}i the continuity of x t— > X(t,x) for fixed t 
implies that every operator T(t) maps Cb{E) into Cb{E). It follows from the 
joint continuity of X(-, •) that for every to > and every compact set K C E 
the set {X(t, x) : < t < to ,x £ K} is compact in L°(fl,E). Hence the set 
{^x(t,x) '■ < t < to , x £ K} is a'-compact in M.q(E). Since E is a complete 
metric space and hence a T-space, it follows that the latter set is tight. Hence 
Proposition 14.21 implies that the set {T(t) : < t < to} is Arequicontinuous. 
In particular, every single operator T(t) is /^-continuous and hence an element 
of L(Cb(E),a). Now assume that (T(t)) t >o is a semigroup. Since t \— ► X(t,x) 
is continuous, it follows that t i— > T(t)f(x) is continuous for every x £ E and 
hence (T(t))t>o is u-continuous. Taking Remark 12.81 into account, it follows 
from Proposition 12.91 that T has a u-densely defined generator. The claim 
follows from Theorem 14.41 □ 

References 

[1] W. Arendt, C. J. K. Batty, M. Hieber, and F. Neubrander, Vector-valued Laplace 
Transform and Cauchy Problems, vol. 96 of Monographs in Mathematics, Birkauser, 2001. 

[2] M. Bertoldi and L. Lorenzi, Analytical Methods for Markov Semigroups, vol. 283 of 
Pure and Applied Mathematics, Chapman Hall/CRC Press, 2006. 

[3] R. Buck, Operator algebras and dual spaces, Proc. Amer. Math. Soc, 3 (1952), pp. 681 
- 687. 

[4] , Bounded continuous functions on a locally compact space, Michigan Math. J., 5 

(1958), pp. 95 - 104. 

[5] S. Cerrai, A Hille-Yosida theorem for weakly continuous semigroups, Semigroup Forum, 

49 (1994), pp. 349 - 367. 
[6] J. B. Conway, The strict topology and compactness in the space of measures II, Trans. 

Amer. Math. Soc, 126, pp. 474 - 486. 
[7] J. DORROH AND J. Neuberger, A theory of strongly continuous semigroups in terms of 

Lie generators, J. Funct. Anal., 136 (1996), pp. 114 - 126. 
[8] K. J. Engel and R. Nagel, One-Parameter Semigroups for Linear Evolution Equations, 

vol. 194 of Graduate Texts in Mathematics, Springer, 2000. 
[9] S. N. Ethier and T. G. Kurtz, Markov Processes, Characterization and Converence, 

Wiley, 1986. 

[10] B. Farkas, A note on semigroups on spaces of continuous functions and of measures. 
larXiv:0805.4280l 

[11] , Perturbations of bi-continuous semigroups on C'b(H) with applications to the 

Ornstem-Uhlenbeck semigroup, Semigroup Forum, 68 (2004), pp. 329 - 353. 

[12] X. Fernique, Processus linearis, processus generalises, Ann. Inst. Fourier, 17 (1967), 
p. 1. 

[13] B. Goldys AND M. KoCAN, Diffusion semigroups in spaces of continuous functions with 
mixed topology, J. Differential Equations, 173 (2001), pp. 17 - 39. 

[14] B. Goldys AND J. M. A. M. VAN Neerven, Transition semigroups of Banach space 
valued Ornstein-Uhlenbeck processes, Acta Appl. Math., 76 (2003). 

[15] K. Ito, Stochastic Processes, Lectures given at Aarhus University, Springer, 2004. 

[16] H. Jarchow, Locally Convex Spaces, Teubner, 1981. 



20 



MARKUS KUNZE 



[17] G. Koethe, Topological Vector Spaces, vol. 107 of Grundlagen der Mathematischen Wis- 

senschaften in Einzeldarstellungen, Springer, 1969. 
[18] T. Komura, Semigroups of operators in locally convex spaces, J. Funct. Anal., 2 (1968), 

pp. 258 - 296. 

[19] F. Kuhnemund, A Hille-Yosida theorem for bi-continuous semigroups, Semigroup Fo- 
rum, 67 (2003), pp. 205 - 225. 

[20] M. Kunze, A general Pettis integral and applications to transition semigroups. 
larXiv:0901.1771l 

[21] E. Priola, On a class of Markov type semigroups in spaces of uniformly continuous and 

bounded functions, Studia Math., 136 (1999), pp. 271 - 295. 
[22] Y. Prokhorov, Convergence of random processes and limit theorems in probability, The- 
ory Probab. Appl., 1 (1956), pp. 157 - 214. 
[23] F. D. Sentilles, Semigroups of operators on C(S), Canad. J. Math., 22 (1970), pp. 47 
' - 54. 

[24] , Bounded continuous functions on a completely regular space, Trans. Amer. Math. 

Soc, 168 (1972), pp. 311 - 336. 
[25] K. Yosida, Functional Analysis, vol. 123 of Grundlehren der mathematischen Wis- 

senschaften, Springer, 1980. 

Delft Institute of Applied Mathematics, Delft University of Technology, 
P.O, Box 5031, 2600 GA Delft, The Netherlands 
E-mail address: M.C.Kunze@tudelft.nl 



